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This article develops a data-based linear Gaussian state-space model for monitoring of dynamic processes under noisy
environment. The Kalman filter is introduced for construction of the linear Gaussian state-space model, and an iterative
expectation-maximization algorithm is used for model parameters learning. With the incorporation of the dynamic data
information, a new fault detection and identification approach is proposed. The feasibility and effectiveness of the two
monitoring statistics in the new method are theoretically evaluated and further confirmed through two case studies.
Furthermore, detailed fault smearing effect analysis of the proposed method is provided and compared with other
identification methods. Based on the simulation results of two case studies, the superiority of the proposed method is
explored. VVC 2012 American Institute of Chemical Engineers AIChE J, 58: 3763–3776, 2012
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Introduction

Nowadays, industrial processes have widely incorporated
the distributed control system, based on which an increasing
number of data has been collected. Therefore, process mod-
eling and monitoring on data-based methods have become
very popular. Particularly, multivariate statistical process
control (MSPC) based methods have been researched for
many years, such as principal component analysis (PCA),
partial least squares, and so forth.1–8 By projecting the data
into a lower-dimensional space, these MSPC methods can
accurately characterize the operation state of the monitored
process systems.

However, most traditional MSPC-based monitoring mod-
els lack probabilistic interpretation of the process data, since
they are constructed through the deterministic manner. In
fact, almost all process variables are contaminated by ran-
dom noises. Hence, the monitored process variables inher-
ently perform through a statistical manner, not the determin-
istic way. Therefore, it is required that process monitoring
should also be carried out through the statistical manner, and
the monitoring decisions are made through a probabilistic
way. Furthermore, in the probabilistic framework, there are
several other advantages which will enhance the perform-
ance of process monitoring. First, the combination of a prob-
abilistic model and the expectation-maximization (EM) algo-
rithm allows us to deal with missing values in the dataset,
which is very practical in process data. Second, it is more
sophisticated to extend the probabilistic model to its mixture
form, thus can be used for modeling complex processes, for

example, nonlinear process, multimode process, and so forth.
What is more, the probabilistic model can naturally exploit
Bayesian treatment of the model.9

Recently, the traditional PCA method has been extended
to its probabilistic counterpart, probabilistic principal compo-
nent analysis (PPCA), and used for process monitoring.10–12

Compared to the traditional method, more satisfactory per-
formance has been obtained by the PPCA approach. It has
been noticed that the developed PPCA-based monitoring
method has a restricted assumption that different process
variables share the same noise variance. To relax the
assumption of PPCA, the process monitoring method based
on factor analysis (FA) has also been proposed.13,14 In this
monitoring method, different noise variances of process vari-
ables have been assigned, which is more practical in indus-
try. To our best knowledge, however, an important dynamic
characteristic of the process data has been ignored by those
probabilistic monitoring methods. Actually, dynamic is a
common behavior of many industrial process data. For
dynamic process monitoring, several research studies have
been carried out. For example, the dynamic form of the PCA
method,15–19 the improved PCA method,20 the state-space-
based methods,21–23 among others.24–26 However, the aim of
this article is to address the dynamic behavior of the process
data among the probabilistic monitoring framework.

Precisely, a dynamic probabilistic model named linear
Gaussian state-space model is developed for process moni-
toring in this article. Because of the efficiency of the Kal-
man filter in dynamic data processing, it is used for con-
struction of the linear Gaussian state-space model. Similar to
the conventional PPCA and FA models, an EM algorithm
can also be used to learn the linear Gaussian state-space
model. Based on the linear Gaussian state-space model, a
dynamic fault detection method is developed. Similar to the
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traditional method, two monitoring statistics T2 and the
squared prediction error (SPE) are constructed, which corre-
spond to the latent and residual subspaces, respectively.
However, with the incorporation of the dynamic data infor-
mation, the feasibility and effectiveness of both T2 and SPE
statistics should be re-evaluated, which are presented as two
remarks in this article.

When a fault has been detected, an efficient fault identifica-
tion approach is then developed. To locate the exact root cause
of the fault, the smearing effect should be considered. Recently,
Alcala and Qin27 have developed a fault identification method
named reconstruction-based contribution (RBC), in which the
fault smearing effect is analyzed. Compared with the contribu-
tion plots and other reconstruction-based methods, the fault
reconstruction and identification performance have been
improved by the RBC method. However, as has been explored,
there is still smearing effect in the RBC approach, which may
lead to misdiagnosis of the process fault. Furthermore, under
the dynamic monitoring framework, the fault identification
becomes more complicated, which means more significant
smearing effect may be cause if the traditional RBC method is
used. To this end, we present an improved RBC method, which
has no smearing effect if the magnitude/type of the fault is in-
dependent with the previous observations. Besides, the smear-
ing effect of the RBC method is theoretically analyzed, and
also illustrated in detail by the two case studies.

The contributions of this article can be summarized as fol-
lows: (1) a data-based linear Gaussian state-space model is
developed for probabilistic monitoring of dynamic processes;
(2) the feasibility and effectiveness of both T2 and SPE sta-
tistics for dynamic process monitoring are evaluated and fur-
ther confirmed through two case studies; (3) an efficient fault
identification method is proposed, the smearing effect of
which is analyzed and compared with the RBC method.

The layout of this article is given as follows. First, the tra-
ditional PCA, PPCA, and FA methods are shown in the sec-
tion entitled PCA and Its Probabilistic Extensions followed
by the detailed description of the proposed dynamic process
monitoring method in the next section. Then two case stud-
ies are shown in the section entitled Case Studies and con-
clusions are made in the last section.

PCA and Its Probabilistic Extensions

PCA maps the original measurement variables x 2 <m

into a lower dimensional latent space as

t ¼ PTx (1)

where t 2 <l are scores in the latent space, and
P ¼ ½p1; p2; � � �; pl� 2 <m�l is the loading matrix, which can
be calculated by implementing eigenvalue decomposition on
the covariance matrix of the measurements. The residual
vector v of x generated by the PCA model is

v ¼ x � ~x ¼ ðI � PPTÞx (2)

where ~x is the reconstruction value of the sample x. The goal
of PCA is to minimize the squared distance between the
measurement points and their reconstructions,9 which is

J ¼ 1

N

XN
i¼1

xi � ~xik k2
(3)

where N is the number of samples.

PPCA and FA are termed as two probabilistic extensions
of the traditional PCA method, both of which concentrate on
the latent variables t whose distributions are Gaussian, and
the original measurement variables x are treated as linear
combinations of t plus the white noise v imposed on them.
The aim of both PPCA and FA is to find the most probable
parameter set H ¼ fP; Rg in the model structure, which is
described as follows9

x ¼ Pt þ v (4)

where P is the loading matrix, similar to that in the PCA model
and v � Nð0;RÞ.

In the FA model, the variance matrix of measurement
noise v are represented by R ¼ diagfkig1;2;���;m, in which dif-
ferent noise levels of measurement variables are assumed. If
all of k are assumed the same value, then FA is equivalent
to PPCA. If all of k are assumed to converge to zero, then
FA turns to PCA. Therefore, FA is the general description of
Gaussian latent model structure while PPCA and PCA are
two special cases of FA.9,26

Linear Gaussian State-Space Model for Dynamic
Process Monitoring

In this section, we firstly derive the linear Gaussian state-
space model with the use of Kalman filter and EM Algo-
rithm, then the dynamic process monitoring scheme is pro-
posed based on the developed model, including fault detec-
tion and fault identification.

Derivation of linear Gaussian state-space model

The structure of the linear Gaussian state-space model can
be formulated as follows28,29

tðk þ 1Þ ¼ AtðkÞ þ wðk þ 1Þ
xðk þ 1Þ ¼ Ptðk þ 1Þ þ vðk þ 1Þ ð5Þ

where k ¼ 1; 2; � � � ;N � 1 is the sample number of process
data, A 2 <l�l is the state space matrix, P 2 <m�l is the
loading matrix, and w � Nð0;CÞ and v � Nð0;RÞ are both
Gaussian residuals with zero mean and variance matrices C
and R. Similarly, the distribution of the latent variables t is
also assumed to be Gaussian. However, the mean and variance
values of t are not restricted to zero and one, thus t � Nðl;VÞ.
Particularly, the initial distribution of the latent variable t is
assumed as tð1Þ � Nðl1;V1Þ. Therefore, the model parameter
set of the linear Gaussian state-space model can be represented
as H ¼ fA;P; R;C;l1;V1g.

The state variables, t, which are first-order Markov ran-
dom processes, capture the system dynamics. If the state
transition matrix A of system (5) is set to be zero, then the
linear Gaussian state-space model degrades to a static
model.28 In static models such as PCA, PPCA, and FA, since
the process measurements are correlated with each other, it
is assumed that the process can be explained by latent varia-
bles whose dimensionality is lower than the measurements.
Similarly, in the linear Gaussian state-space model, the pro-
cess information can be captured by lower dimensional state
variables. Therefore, l\m and the estimation of state varia-
bles is also a procedure of dimensionality reduction.

The outputs of model (5), x, are measurements of the sys-
tem while t are hidden states. Given the model parameters
H and measurements xð1Þ, xð2Þ, � � �, xðkÞ, then the hidden
states tð1Þ, tð2Þ, � � �, tðkÞ, as well as the later measurements
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xðk þ 1Þ, xðk þ 2Þ, � � �, can be estimated or predicted via the
Kalman filter. Because the distribution of noises w, v and
the initial distribution of the latent variable t are all Gaus-
sian, then the model outputs, as well as the hidden states,
are Gaussian.

Depending on the maximum likelihood method, the linear
Gaussian state-space model can be identified through an EM
algorithm. Given the initial distribution of the latent variable,
the conditional distributions of the predicted latent variable,
and the original variable can be easily formulated, which
also follow Gaussian distributions, namely pðtkþ1jtkÞ ¼
NðAtk;CÞ, pðxkþ1jtkþ1Þ ¼ NðPtkþ1;RÞ. Therefore the log
likelihood function of the process data can be given as
follows9

ln pðX;TjHÞ ¼
Xn
k¼1

ln pðxkjtk;P;RÞ

þ
Xn
k¼2

ln pðtkjtk�1;A;CÞ þ ln pðt1jl1;V1Þ ð6Þ

where X and T are datasets of the original and latent variables,
respectively. To maximize the above complete-data log
likelihood, the model parameter set H can be estimated
through an iterative manner.

In the E-step, the posterior distribution of the latent vari-
able should be determined. Different from the traditional FA
model, one more distribution is needed in the linear Gaus-
sian state-space model, which is the dynamic relationship
between latent variables. Using the Kalman filter equations,
the expected values of the three statistics can be calculated
as follows

Eðtkþ1Þ ¼ lkþ1 ¼ Alk þ Kkþ1ðxkþ1 � PAlkÞ (7)

Eðtkþ1tTk Þ ¼ VkA
TðQkÞ

�1
Vkþ1 þ lkþ1l

T
k (8)

Eðtkþ1tTkþ1Þ ¼ Vkþ1 þ lkþ1l
T
kþ1 (9)

where Qk ¼ AVkA
T þ C, the updating of the variance Vkþ1

and the Kalman gain matrix Kkþ1 are given as

Kkþ1 ¼ QkP
TðPQkP

T þ RÞ�1
(10)

Vkþ1 ¼ ðI � Kkþ1PÞQk (11)

In the M-step, depending on the results calculated in the E-
step, the parameter set can be re-estimated by maximizing the
log likelihood function, which can be calculated as follows

lnew
1 ¼ Eðt1Þ (12)

Vnew
1 ¼ Eðt1tT1 Þ � Eðt1ÞETðt1Þ (13)

Anew ¼ ½
Xn�1

k¼1

Eðtkþ1tTk Þ�½
Xn�1

k¼1

EðtktTk Þ�
�1

(14)

Pnew ¼
�Xn

k¼1

xkE
TðtkÞ

��Xn
k¼1

EðtktTk Þ
��1

(15)

Cnew ¼ 1

n� 1

Xn�1

k¼1

fEðtkþ1tTkþ1Þ � AnewEðtktTkþ1Þ

� Eðtkþ1tTk ÞðAnewÞT þ AnewEðtktTk ÞðAnewÞTg ð16Þ

Rnew ¼ 1

n

Xn
k¼1

fxkx
T
k � PnewEðtkÞxT

k � xkE
TðtkÞðPnewÞT

þ PnewEðtktTk ÞðPnewÞTg ð17Þ

Detailed calculations of Eqs. 12–17 are provided in Ap-
pendix. The maximum value of the likelihood can be
obtained by carrying out the E-step and the M-step itera-
tively until all of them are converged.

There are several methods for choosing the dimensionality
of the states, l. For instance, l can be chosen according to the
average variance explanation of the states, which is similar as
the approach mentioned in PPCA modeling.10 Alternatively, a
more simple way is to predetermine a proper dimensionality
via PCA modeling, and then adopt the dimensionality in linear

Figure 1. The geometrical illustration of Projection
Theorem.

Figure 2. Likelihood value change of the iteration step.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Convergence with the covariance of state
variables.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Gaussian state-space models. In this article, the latter method
is used for linear Gaussian state-space modeling.

Fault detection based on linear Gaussian state-space
model

Based on the developed linear Gaussian state-space model,
a corresponding dynamic fault detection scheme can be for-
mulated. Two statistics, T2 and SPE are developed here.
While the SPE statistic is used for monitoring the prediction
error of the linear Gaussian state-space model, the T2 statis-
tic is used to monitor the variation of the states in the linear
Gaussian state-space model.Before the construction of T2

statistic, the stationarity of state variables should be verified
first. Only if the state variables are stationary, the efficiency

of T2 statistics can be guaranteed. Detailed illustration of the
stationary property of the state variables is given in Remark
1 as follows.

REMARK 1. Consider system (5), and suppose that at the
initial time k ¼ 1, tð1Þ � Nðl1;V1Þ. Suppose that all eigen-
values of matrix A lie in the unit circle, which means
kiðAÞj j\1 for i ¼ 1; 2; � � � ; l. Then when k ! 1, tkf g is a
stationary process of zero mean and covariance

E½tktTl � ¼
Ak�j �V; k � j

�VðATÞj�k
; j > k

�
(18)

where �V is the unique solution of

�V � AVAT ¼ C (19)

Furthermore, if l1 ¼ 0 and V1 ¼ �V, then tkf g for k � 1
is stationary and have covariance as above.

Remark 1 comes from the properties of linear time-invari-
ance Kalman filter and it gives a sufficient condition for sta-
tionarity, namely, kiðAÞj j\1. Anderson and Moore gave a
proof for this stationary property of Kalman filter.28 Let
k ¼ l, Eq. 18 can be written as

Figure 4. Correlation plots before/after the implementation of the linear Gaussian state-space model.

(a) Process variables; (b) prediction errors. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]

Table 1. False Alarm Rates in the Numerical Process

Methods/Statistics T2 SPE

FA 0.004 0.009
PPCA 0.003 0.01
PCA 0.007 0.005
LGSS 0.007 0.006
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E½tktTk � ¼ �V (20)

Remark 1 shows the stationary property of the state varia-
bles when k ! 1. Actually, in the following simulation
experiments, the covariance of tk will converge to V in sev-
eral steps for arbitrarily finite initial mean and covariance.
To show the convergence of the state variables covariance,
an index for the variance change is defined as following
using the Frobenius norm of matrix

DVðkÞ ¼ Vk � Vk�1k kF ¼ ðtr½ðVk � Vk�1ÞTðVk � Vk�1Þ�Þ
1
2

(21)

where k�kF denotes the Frobenius norm operator and tr(�)
denotes the matrix trace operator. If for arbitrarily small
positive number e > 0, DVðkÞ\e for any k � M, then the
covariance matrix is said to converge before M steps.

Therefore, based on the stationary property of the state
variables, the T2 statistic can be constructed for process

monitoring. Denote the new data sample as xs, and its previ-
ous one as xs�1, the expected mean value of the latent vari-
able of xscan be predicted as

Qs�1 ¼ AVs�1AT þ C (22)

Ks ¼ Qs�1PTðPQs�1PT þ RÞ�1
(23)

ls ¼ EðtsÞ ¼ Als�1 þ Ksðxs � PAls�1Þ (24)

The T2 monitoring statistic can be constructed as follows

T2
s ¼ lTs ½varðTÞ��1

ls (25)

where T is the dataset of latent variables with the training data
and varðTÞ represents the variance of the latent variable in the
training dataset.

To construct the SPE monitoring statistic, both of the state
transition noise ws and the observation noise vs should be

Figure 5. Monitoring performance with the first testing dataset.

(a) FA; (b) PPCA; (c) PCA; and (d) LGSSM. [Color figure can be viewed in the online issue, which is available at wileyonlineli-

brary. com.]

Table 2. Missed Detection Rates in the Numerical Process

Methods/Faults

Fault 1 Fault 2 Fault 3 Fault 4 Fault 5

T2 SPE T2 SPE T2 SPE T2 SPE T2 SPE

FA 0.567 0.023 0.404 0.226 0.943 0.616 0.881 0.988 0.487 0.929
PPCA 0.854 0.06 0.442 0.301 0.983 0.77 0.928 0.948 0.677 0.818

PCA 0.599 0.178 0.332 0.356 0.951 0.816 0.871 0.974 0.365 0.961
LGSS 0.092 0.058 0.365 0.229 0.937 0.581 0.816 0.926 0.249 0.94
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considered. However, since both of ws and vs influence the
estimation and prediction, an alternative way for SPE con-
struction is to combine the two kinds of noises together.
Given the distribution of ts�1js�1

ts�1js�1 � Nðls�1;Vs�1Þ (26)

the Gaussian parameters of both tsjs�1 and xsjs�1 can be
calculated as follows

tsjs�1 � NðAls�1;AVs�1AT þ CÞ (27)

xsjs�1 � NðPAls�1;PðAVs�1AT þ CÞPT þ RÞ (28)

Denote x̂sjs�1 ¼ PAls�1 and Usjs�1 ¼ PAVs�1ATPTþ
PCPT þ R. The one-step prediction of the observation can
be written as

xsjs�1 � Nðx̂sjs�1;Usjs�1Þ (29)

Hence, when the new measurement xs is obtained from the
process, its prediction error can be calculated as follows

es ¼ xs � x̂sjs�1 � Nð0;Ukjk�1Þ (30)

Note that es ¼ xs � x̂sjs�1 is the innovation of the Kalman
filter.The following Remark 2 shows that the prediction error

Figure 7. Monitoring performance of fault identification of LGSSM.

(a) fault 1; (b) fault 2; and (c) fault 3. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Monitoring performance of RBC fault identification of PCA.

(a) fault 1; (b) fault 2; and (c) fault 3. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

3768 DOI 10.1002/aic Published on behalf of the AIChE December 2012 Vol. 58, No. 12 AIChE Journal



es is independent with the previous observations, which
means that es only has correlation with the current observa-
tion xs. Therefore, if there is a fault which is independent
with the previous observations, the SPE statistic that is based
on es will extract the correct fault information without
smearing from previous measurements.

REMARK 2. The prediction error of the linear Gaussian
state-space model, es, is temporally white.

The proof of this remark is based on the Projection Theo-
rem of Kalman filter.30 As the linear Gaussian state-space
model is actually a linear time-invariant Kalman filter with
Gaussian noises, the Projection Theorem still holds in the
linear Gaussian state-space model. According to the Projec-
tion Theorem, E½esxT

i � ¼ 0, for i ¼ 1; 2; � � � ; s� 1, and
E½esx̂T

sjs�1� ¼ 0, E½eseTk � ¼ 0. The geometrical illustration of
the Projection Theorem is shown in Figure 1. As x̂sjs�1 is the
linear estimation based on x1; x2; � � � ; xs�1, thus x̂sjs�1 lies in
the space spanned by x1; x2; � � � ; xs�1.

The SPE monitoring index is given as follows

SPEs ¼ eTsU
�1
sjs�1es (31)

As both of the two monitoring statistics are constructed by
the Mahalanobis distance, the squared value of which fol-

lows v2 distribution with appropriate dimension of freedom.
Therefore, the control limits of the T2 and SPE statistics can
both be determined by the v2 distribution, thus10

T2 � T2
lim ¼ v2

aðlÞ (32)

SPE � SPElim ¼ v2
aðmÞ (33)

where l is the number of states in the linear Gaussian state-
space model, m is the number of process variables, and a is the
significance level of both monitoring statistics.

For online process monitoring, it can be noticed that there
are several matrix inversions; however, it is actually not nec-
essary to calculate matrix inversions online. From the theory
of Kalman filter, these matrices which are need to calculate
the matrix inversions are independent with the process obser-
vations. As a result, the computation of the matrix inversion
can be calculated offline and stored for online utilization.
Moreover, according to Eqs. 22–31, if the covariance of state
variables is known, then all the matrix inversions needed for
online monitoring can be calculated offline. Based on
Remark 1, it can be known that the covariance of states will
converge in several steps. Therefore, only a few matrix
inversions are needed for offline computation. The following
case studies will show the property of covariance conver-
gence of state variables.

Fault identification

Following the above fault detection method, a sequent
procedure is to carry out fault identification, which is also an
important issue for process monitoring. Previously, the con-
tribution plots are the most popular approaches to locate the
faulty variables.31 The PCA-based contribution plots decom-
pose the T2 and SPE statistics into the sum of m contribution
terms for the m measurement variables and compare the
magnitude of these terms according to both statistics. Later,
the reconstruction-based methods have been proposed for
fault identification.32,33 More recently, Alcala and Qin27 pro-
posed a RBC method to identify faulty variables and

Figure 8. TE benchmark process.

Table 3. Monitoring Variables in the TE Process

No.
Measured
Variables No. Measured Variables

1 A feed 9 Product separator temperature
2 D feed 10 Product separator pressure
3 E feed 11 Product separator underflow
4 A and C feed 12 Stripper pressure
5 Recycle flow 13 Stripper temperature
6 Reactor feed rate 14 Stripper steam flow
7 Reactor temperature 15 Reactor cooling water outlet

temperature
8 Purge rate 16 Separator cooling water outlet

temperature
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compared it with the contribution plots. Chen and Sun34

extended the reconstruction methods in a probabilistic frame-
work and proposed a missing variable approach.

Particularly, Alcala and Qin have proven that the contribu-
tion plot methods fail to guarantee the isolation of the cor-
rect faulty variables. They have shown that the RBC
approach outperforms the contribution plots and other previ-
ously reconstruction-based identification methods. However,
Alcala and Qin also explored that there is still smearing
effect in the RBC approach, which may lead to misdiagnosis
of the process fault. Furthermore, Liu35 showed that the
RBC approach fails to locate faulty variables when the fault
is related to multiple sensors in the process.

In this article, a novel fault identification method based on
the SPE statistic is proposed under the dynamic monitoring
framework. To utilize the process dynamic information, this

fault identification approach incorporates one-step prediction
of the Kalman filter. According to Remark 2, the prediction
error es of the linear Gaussian state-space model is orthogo-
nal to previous observations, therefore, the SPE statistic only
involves current information in the process data. Based on
the contribution analysis of the SPE statistic, the responsible
faulty variables can be located.

Denote /sii as the ith diagonal variable of Usjs�1, and eis
as the ith variable of vector es, the contribution of the ith
variable can be calculated as

CSPE
si ¼ /�1

sii e
i2

s (34)

As E½ei2s � ¼ /sii is within normal condition, CSPE
si � v2ð1Þ is

hold for any, i¼1,2,...,m, we can get the statistical control limit
of CSPE

si as c2
i ¼ v2

að1Þ. When the value of contribution index
exceeds the control limit, the corresponding variable is
regarded as a faulty variable for the abnormal event. Those
variables which have large values of the contribution index
should be considered as the most responsible ones for the
process fault.

REMARK 3. If the covariance matrix of the prediction
error, Usjs-1, is diagonal, we will have the following property

SPEs ¼
Xm
i¼1

CSPE
si (35)

However, since the variables of the prediction error are

usually correlated to each other, which means that Usjs�1 is

usually not a diagonal matrix, SPEs is not equal to the sum

of CSPE
si .

Then, we will show the properties on fault smearing effect
in the linear Gaussian state-space model. If the ith variable
of xs, xsi, has a fault with magnitude f , we can write xs as

xs ¼ �xs þ Nif (36)

where �xs is the fault free portion and Ni is the ith column
of an identity matrix with dimensionality m, which
represents the direction of the fault with the ith variable.
We can also consider the multiple faults in a similar way,
in this case, N is a matrix and f is a vector the elements of
which represent different fault magnitudes in various
directions.

Theorem 1. If in Eq. 36, the magnitude f of process
fault is independent with the previous process observations

Figure 9. Likelihood value change of the iteration step
in TE process.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Process Fault Description

Fault
Number Process Description Type

1 A/C Feed ratio, B composition
constant (stream 4)

Step

2 B Composition, A/C ratio
constant (stream 4)

Step

3 D Feed temperature (stream 2) Step
4 Reactor cooling water inlet

temperature
Step

5 Condenser cooling water inlet
temperature

Step

6 A Feed loss (stream 1) Step
7 C Header pressure

loss—reduced availability
(stream 4)

Step

8 A, B, C Feed composition
(stream 4)

Random variation

9 D Feed temperature (stream 2) Random variation
10 C Feed temperature (stream 4) Random variation
11 Reactor cooling water inlet

temperature
Random variation

12 Condenser cooling water inlet
temperature

Random variation

13 Reaction kinetics Slow drift
14 Reactor cooling water valve Sticking
15 Condenser cooling water valve Sticking
16–20 Unknown Unknown
21 Valve of stream 4 Fixed

Figure 10. Convergence with the covariance of state
variables in TE process.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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xkf gk¼1;2;���;s�1, then there is no smearing effect in fault iden-
tification of the proposed method as Eq. 34.

Proof. From Eqs. 30 and 36

es ¼ xs � x̂sjs�1 ¼ xs � x̂sjs�1 þ Nif (37)
The jth variable of es is

ejs ¼
�xjs � x̂jsjs�1

; j 6¼ i

�xjs � x̂jsjs�1
þ f ; j ¼ i

(
(38)

Since Eð�xjsf Þ ¼ 0; if j 6¼ i and f is independent with the
previous process observations xkf gk¼1;2;���;s�1, which means
Eð�xjsjs�1

f Þ ¼ 0. Thus, we have

Eðejsf Þ ¼ 0; if j 6¼ i (39)

Since from Eq. 34, CSPE
si is only dependent on eis. Therefore,

there is no smearing effect in the proposed fault identification
approach.

Table 5. Missed Detection Rates in the TE Process

Fault Number

FA PPCA PCA LGSS

T2 SPE T2 SPE T2 SPE T2 SPE

1 0.0025 0.0012 0.01 0.0025 0.0088 0.0025 0.0025 0.0012

2 0.02 0.0162 0.0337 0.015 0.03 0.015 0.0212 0.015

3 0.9987 0.9813 0.9987 0.965 0.9862 0.9825 0.985 0.9775
4 1 0.995 1 0.9738 0.9937 0.9813 0.9813 0.9887
5 0.77 0.7925 0.79 0.7662 0.765 0.8612 0.7288 0.895
6 0 0 0 0 0 0 0 0

7 0.6225 0.72 0.675 0.6887 0.6287 0.7875 0.5725 0.8012
8 0.0238 0.0238 0.065 0.0288 0.0337 0.08 0.02 0.0325
9 0.99 0.9712 0.9963 0.96 0.9813 0.98 0.9787 0.9775
10 0.3575 0.2025 0.8375 0.615 0.6838 0.7388 0.185 0.1925

11 0.9837 0.5175 0.955 0.4938 0.8588 0.5312 0.9187 0.5413
12 0.0138 0.0525 0.0275 0.0212 0.0162 0.1488 0.0012 0.0463
13 0.055 0.0487 0.0663 0.0475 0.0587 0.0637 0.055 0.0525
14 0.3325 0 0.0725 0 0.0112 0 0.395 0

15 0.9925 0.9738 1 0.96 0.9762 0.9738 0.9288 0.985
16 0.755 0.725 0.905 0.8362 0.7575 0.9187 0.4163 0.7588
17 0.2738 0.0288 0.2425 0.0325 0.18 0.0437 0.0325 0.0238

18 0.1012 0.0987 0.1112 0.095 0.1075 0.0975 0.0975 0.0937

19 1 0.5137 0.9787 0.8975 0.8238 0.96 0.9538 0.3712

20 0.4938 0.4025 0.895 0.595 0.78 0.6587 0.0975 0.145

21 0.5375 0.615 0.7137 0.5513 0.6325 0.6088 0.42 0.7575

Figure 11. Monitoring performance with fault 10 of TE process.

(a) FA; (b) PPCA; (c) PCA; and (d) LGSSM. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]

AIChE Journal December 2012 Vol. 58, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 3771



REMARK 4. If the RBC method is used for fault recon-
struction, we can also define a RBC as follows

min
fi

SPEi
s ¼ ðes þ NifiÞTU�1

sjs�1ðes þ NifiÞ (40)

Then calculate

RBCi
s ¼ Nifik k2

U�1
sjs�1

¼ ðNifiÞTU�1
sjs�1Nifi (41)

as the RBC corresponding to the ith variable. If Usjs�1 is a
diagonal matrix, this contribution index is the same as Eq. 34.
However, since Usjs�1 is usually not a diagonal matrix, the
reconstruction-based indices defined in Eq. 41 will lead to
fault smearing.

Case Studies

In this section, two case studies are demonstrated to evalu-
ate the efficiency of the proposed monitoring model. The

first one is a numerical example, the other one is the Tennes-
see Eastman (TE) benchmark process.

Numerical example

The numerical example is constructed by the following
equations

zðk þ 1Þ ¼ BzðkÞ þ nðk þ 1Þ
yðk þ 1Þ ¼ Czðk þ 1Þ þ fðk þ 1Þ

(42)

where k ¼ 1; 2; � � � ; n� 1 is the sample number of process
data, zðkÞ 2 <2 is the Gaussian distributed latent variable, and
yðkÞ 2 <4 is the measured process variables. n ¼
n1 n2½ �T 2 <2 and f 2 <4 are Gaussian residuals with zero

mean and variance 0.01. The state transfer matrix and the
observation matrix are given as

B ¼ 0:8 �0:1
0:4 0:6

� �

C ¼ �0:398 �1:446 0:443 0:233

1:382 1:114 0:662 �0:304

� �T

Figure 12. RBC-based fault identification results with T2 statistics of PCA.

(a) Compared results; (b) specific results. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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For model construction, a total of 2000 data samples have
been generated through Eq. 42, and two latent variables are
selected for developing the models. The change of the log
likelihood value through the linear Gaussian state-space
model modeling process is shown in Figure 2. One can find
that the iteration process has already converged after about
30 steps. For performance comparison, three monitoring
models which are based on PCA, PPCA, and FA are also
constructed using the same training data samples, respec-
tively. The number of latent variables in each of these three
models is also selected as 2.

To test the performance of the proposed monitoring
approach, five different testing datasets (each contains 2000
data samples) have also been generated, which are listed as
follows

1. A step change of the second process variable by 1 was
introduced starting from sample 1001.

2. A ramp change of the third process variable from sam-
ple 1001 to 2000 by adding 0:002ði� 1000Þ to each data
sample, where i is the sample number.

3. A random change of the first variable from sample
1001 to 2000 by adding a random variable with zero mean
and variance 0.25.

4. Process structure change from sample 1001 to 2000 by

changing matrix B to B ¼ 0:8 �0:1
�0:4 0:6

� �
.

5. Abnormal state transfer noises from sample 1001 to 2000
by setting the mean of first state transfer noise n1 to 0.15.

The first three testing datasets (faults 1, 2, and 3) represent
some abnormal events with the process sensors: fault 1 represents
sensor bias, fault 2 represents sensor drift, and fault 3 represents
precision degradation of the sensor. The last two testing datasets
(faults 4 and 5) represent two others types of process fault, which
are changes of process structure and noise level, respectively.

The convergence of the state variables covariance in test-
ing datasets is shown as in Figure 3. One can see that the
convergence index DVðkÞ will become very small after about
five samples have been updated in the model. Therefore, the
covariance of state variables converges in only a few steps.
Figures 4a, b shows the auto- and cross-correlations of dif-
ferent process variables and prediction errors before/after the
implementation of the linear Gaussian state-space model.
From this figure, one can see that the dynamic modeling per-
formance of the linear Gaussian state-space model is signifi-
cant, as the prediction errors are temporally white, based on
which Remark 2 is also confirmed.

Figure 13. RBC-based fault identification results with SPE statistics of PCA.

(a) Compared results; (b) specific results. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]
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A general view of the monitoring performance of these
four models is showed in Tables 1 and 2. Table 1 summa-
rizes the false alarm rate (Type I error) of each monitoring
statistic while Table 2 provides the detailed missed detection
rate (Type II error) of the corresponding monitoring statistic
under different cases. As can be seen in Table 1, the false
alarm rate of each monitoring statistic in all of the four
methods is acceptable. However, Table 2 shows that linear
Gaussian state-space model outperforms other methods in
detecting the five faults in the process. To be clear, the mini-
mum false alarm rates with each monitoring statistic are
marked in bold in Table 2, and we can see that linear Gaus-
sian state-space model has the smallest missed detection
rates in most cases. Specifically, the monitoring results for
fault 1 obtained by the FA, PPCA, PCA, and linear Gaussian
state-space models are given in Figures 5a–d. The T2 moni-
toring statistic of linear Gaussian state space model has suc-
cessfully detected almost all the faulty samples while other
models fails with more than half of the data samples.

Next, the fault identification performance of the linear

Gaussian state-space model is verified through the first three

testing datasets. For comparison, the RBC-based fault identifi-

cation method with PCA is also carried out. The identification

results of the last faulty measurements in each dataset are

demonstrated as Figures 6 and 7. The fault identification

results of RBC-based method are showed in Figure 6. Note

that the faulty variables of fault 1, fault 2, and fault 3 are the

2nd, the 3rd and the 1st variable, respectively, in this system.

Obviously, there is some fault smearing in the RBC-based

identification approach, which has lead to misdiagnosis for

the faults. In Figure 6a, particularly, the T2-based RBC contri-

butions of the 2nd and 4th variable are quite close to each

other while in Figure 6b, the SPE-based RBC contributions of

the 1st and 3rd variable are similar. In Figure 6c, even worse,

the T2-based RBC contribution method has generated a wrong

identification result for the fault. In contrast, based on the pro-

posed fault identification method in this article, an obvious

and correct identification results have been provided for all of

the three faults, which are shown in Figures 7a–c.

TE Benchmark process

As a benchmark simulation process, TE process has been
widely used for algorithm testing and evaluation in the past
decades. This process consists of five major unit operations: a
reactor, a condenser, a compressor, a separator, and a stripper.

Figure 14. LGSS model-based fault identification results with SPE statistics.

(a) Compared results; (b) specific results. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]
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There are four reactants A, C, D, and E and one inert B which
are fed to the reactor, and in which the products G and H are
formed, but at the same time, a byproduct F is also produced.
A total of 41 process variables and 12 manipulated variables
are measured, and a set of 21 programmed faults can be simu-
lated, which include seven step faults, five random faults, three
sticking and slow change fault, and six unknown process
faults. The flowchart of this process is given in Figure 8. More
detailed description of this process can be found in reference.36

In this article, 16 continuous process variables are selected for
monitoring purpose, which are tabulated in Table 3.

To develop the linear Gaussian state-space model and tra-
ditional FA, PPCA, PCA monitoring models, 960 data sam-
ples have been collected for training purpose. Each of the
monitoring models uses nine latent components in the model
structure. Similarly, the change of the log likelihood value
through the linear Gaussian state-space model modeling pro-
cess is shown in Figure 9. It takes about 150 iteration steps
for convergence. To test the monitoring performance of the
linear Gaussian state-space model, all of the 21 faults of the
TE process have been used. The descriptions of these faults
are detailed in Table 4. Figure 10 shows the convergence of
the covariance with the state variables in TE process. One
can see that the convergence index DVðkÞ will converge af-
ter only less than 20 samples are updated in the model.

The monitoring results of the four models for the 21 faults
are showed together in Table 5. The best monitoring results
obtained by the linear Gaussian state-space model monitor-
ing method have been highlighted. From this table, gener-
ally, one can see that the overall performance of the linear
Gaussian state-space model is much better than the other
three methods. Particularly, significant improvements have
been made by the T2 statistic for fault 7, 10, 16, 17, 20, 21
and the SPE statistic for fault 19, 20 of linear Gaussian
state-space model. Detailed monitoring results of different
methods for fault 10 are given in Figure 11. Fault 10 is a
random change of the temperature of stream 4 (C feed) in
the TE process. From the flowchart of TE process in Figure
7, it is easy to find that stream 4 is the inlet stream of the
Stripper. Therefore, the most relevant variables among the
monitoring variables are the temperature (the 13th monitor-
ing variable) and stream flow (the 14th monitoring variable)
of the Stripper. Based on the results presented in Figure 11,
one can see that the linear Gaussian state-space model out-
performs all the other models in both T2 and SPE statistics.

The fault identification results of RBC and linear Gaussian
state-space model are shown in Figures 12–14. Figures 12
and 13 show the RBC-based fault identification results with
T2 statistic and SPE statistic, respectively. While Figures
12a and 13a give the compared contribution results of differ-
ent process variables for fault 10, Figures 12b and 13b pro-
vide the detailed contribution result of each process variable
responsible for the fault. Figure 14 shows the contribution
results of the linear Gaussian state-space model-based
method, which is based on the SPE statistic. Similarly, dif-
ferent contributions of the process variables are plotted to-
gether in Figure 14a, and the specific contribution of each
process variable is demonstrated in Figure 14b. Based on
Figure 11, it can be seen that variable 4, 9, 10, 12, 13, and
14 have larger contribution than other variables. Similarly,
according to the results of Figure 10, the significant contri-
bution variables are variable 1, 3, 4, 6, 13, and 14 listed in
Table 4. Although the most responsible variables 13 and 14
have been identified, it is still very difficult to determine the

root cause of the fault. However, based on the results given
in Figures 14a, b, it is easy to find that variable 13 and 14
are the most relevant variables of the fault. Compared to
these two variables, the contributions of other process varia-
bles are relatively small. Therefore, the most fault responsi-
ble variables should be determined as these two variables,
which is the real case in practice.

Conclusions

In this article, a linear Gaussian state-space model-based
monitoring approach, including fault detection and fault
identification, has been proposed, which is not only probabil-
istic but also dynamic. Therefore, it is suitable for monitor-
ing time-series process data under noisy environment. To
evaluate the performance of the proposed method, two
examples are studied, both of which have demonstrated the
efficiency of the linear Gaussian state-space model. Com-
pared to the traditional data-based methods such as PCA,
PPCA and FA, the fault detection performance has been
improved by the linear Gaussian state-space model. Further-
more, the superiority of the new fault identification method
has also been illustrated, and detailed analyses of the fault
smearing effect has been provided and compared to the
recently developed RBC approach.
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Appendix: Derivation of EM Algorithm for Linear
Gaussian State-Space Model

Given the three expected statistics obtained in the E-step,
we aim to update the model parameters in the linear Gaus-
sian state-space model. First, the expectation value of the

complete-data log likelihood which related to l1 and V1 can
be written as9

E½ln pðX;TjHÞ�jl1;V1
¼ � 1

2
lnð V1j jÞ

� E½1
2
ðt1 � l1Þ

T
V�1

1 ðt1 � l1Þ� ðA1Þ

By maximizing the above equation according to the pa-
rameters l1 and V1, the updated values can be calculated as

lnew
1 ¼ Eðt1Þ (A2)

Vnew
1 ¼ Eðt1tT1 Þ � Eðt1ÞETðt1Þ (A3)

Similarly, the expectation value of the complete-data log
likelihood which related to A, C, and P, Rcan be written as
follows

E½ln pðX;TjHÞ�jA;C ¼ � n� 1

2
lnð Cj jÞ

� Ef1

2

Xn�1

k¼1

½ðtkþ1 � AtkÞTC�1ðtkþ1 � AtkÞ�g ðA4Þ

E½ln pðX;TjHÞ�jP;R ¼ � n

2
lnð Rj jÞ

� Ef1

2

Xn
k¼1

½ðxk � PtkÞTR�1ðxk � PtkÞ�g ðA5Þ

By setting the derivative of E½ln pðX;TjHÞ�jA;C respect to
A and C to zeros, the following updated equations can be
obtained

Anew ¼ ½
Xn�1

k¼1

Eðtkþ1tTk Þ�½
Xn�1

k¼1

EðtktTk Þ�
�1

(A6)

Cnew ¼ 1

n� 1

Xn�1

k¼1

fEðtkþ1tTkþ1Þ � AnewEðtktTkþ1Þ

� Eðtkþ1tTk ÞðAnewÞT þ AnewEðtktTk ÞðAnewÞTg ðA7Þ

Then, set the derivative of E½ln pðX;TjHÞ�jP;R respect to P

and R to zeros, these two parameter matrices can be updated
as

Pnew ¼ ½
Xn
k¼1

xkE
TðtkÞ�½

Xn
k¼1

EðtktTk Þ�
�1

(A8)

Rnew ¼ 1

n

Xn
k¼1

fxkx
T
k � PnewEðtkÞxT

k � xkE
TðtkÞðPnewÞT

þ PnewEðtktTk ÞðPnewÞT ðA9Þ
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